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ABSTRACT: An analysis of the structure of the mesomorphic form of syndiotactic polystyrene (s-PS),
through Fourier transform calculations on models constituted by large bundles of chains, is presented. Further
information on the structural organization in the mesomorphic form is also provided by Fourier transform
infrared (FTIR) spectra, in the frequency regions for which well-defined differences exist between the spectra
of samples in the o and 3 crystalline forms. Both theoretical and experimental data provide support for the
hypothesis that the mesomorphic form of s-PS contains small and imperfect crystals of the a crystalline form.

Introduction

The synthesis of fully syndiotactic polystyrene (s-PS)
has been reported in recent years,!-?

Several structural studies, essentially by X-ray dif-
fraction,*1° electron diffraction,!¢ FTIR,1-% and solid-
state NMR26:27 have shown a very complex polymorphic
behavior for this polymer. Using the nomenclature
proposed in ref 9, this can be described in terms of two
crystalline forms, « and 3, containing planar zig-zag chains
and two others, v and 4, containing s(2/1)2 helical chains.
The general pattern is further complicated by the fact
that both the o (hexagonal) and 8 (orthorhombic) forms
can exist in different modifications characterized by
differing degrees of structural order, which are interme-
diate to those of the two limiting disordered modifications
(o’ and 8') and the two limiting ordered modifications («”
and 8”). In these descriptions, structural disorder refers
to the positioning of the polymer backbone, while the order
in the positioning of the substituent phenyl rings remains
unaltered. %1214

Very recently, the presence, for s-PS, also of a meso-
morphic form, containing chains in the planar zig-zag
conformation? (which has been also called the “premature”
planar zig-zag form!®) has been shown.

In our previous contribution on this subject,?® the XRD
pattern of a highly oriented sample of syndiotactic
polystyrene in the mesomorphic form, collected by an
automatic diffractometer, has been presented, thus pro-
viding quantitative information relative to the diffracted
intensity. The structural changes induced by annealing
procedures in mesomorphic samples have been also
described: both unoriented and oriented mesomorphic
samples are transformed gradually, into a-form crystals.
On the basis of this evidence and of preliminary com-
parisons between the calculated Fourier transform of
simplified models (isolated chains or triplets of chains)
and the experimental diffraction intensity, it has been
suggested that the local organization in triplets of trans-
planar chains, typical of the different modifications of the
a form, would be largely present also in the disordered
chain agglomerates of the mesomorphic form.%?

In the present contribution a more complete analysis of
the structure of the mesomorphic form of s-PS, through
Fourier transform calculations on models constituted by
large bundles of chains, is presented.

The reported calculations refer mainly to bundles of
chains organized as in the o2 or 3414 crystalline forms of
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s-PS, in which different degrees of paracrystalline disorder
are introduced.

In the final section of the paper, further information on
the structural organization in the mesomorphic form is
obtained by Fourier transform infrared (FTIR) spectra in
the frequency regions for which well-defined differences
exist between the spectra of samples in the a and 8
crystalline forms.2!

Experimental Section

The s-PS (M, = 6.6 X 105 determined by GPC) was supplied
by Himont Italia. The polymer fraction insoluble in methyl ethyl
ketone is 93%.

Infrared spectra were obtained with a Bruker IFS 66 FTIR
spectrometer. The wavenumber range scanned was 4000-400
cmt. The spectra are reported in absorbance units and are
normalized with respect to the band at 1601 cm-1. The reported
results were obtained with films 30-50 um thick. For the
preparation of the films the following procedures have been
used: amorphous films were obtained by compression molding
followed by quenching in a liquid nitrogen bath; mesomorphic
films were obtained by annealing amorphous samples at 120 °C
for 15 min; films of s-PS in the a crystalline form (o’ modification)
were obtained by annealing amorphous films at 200 °C; films in
the B crystalline form (8 modification) were obtained by
compression molding at 330 °C, followed by slow cooling at room
temperature.

The fiber X-ray diffraction spectra quoted in this paper are
the same as those of ref 29. Asdescribed in ref 29, fiber specimens
were obtained by strips of quenched films at 105 °C, using a
Polymer Lab miniature material tester, at a strain rate of 10
mm/min, with an initial gauge length of 6 mm up to a strain of
nearly 8. The X-ray diffraction patterns, with Ni-filtered Cu Ko
radiation, were obtained by using a Nonius automatic CAD4
diffractometer (always maintaining an equatorial geometry).

X-ray Diffraction Analysis

The X-ray diffraction spectra of fiber specimens of s-PS
in the mesomorphic form (already presented in ref 29) are
here partly replotted. The diffraction intensity after
subtraction of the background and of the amorphous
contribution and after correction by the Lorentz and
polarization factors (Lp) (which according to the diffrac-
tion geometry is Lp = (1 + cos? 20)/sin 20) is reported for
the equator and for the layer lines with [ = 1, 2, 3, and 4
in Figure 1A and for the meridian in Figure 2A.

The most important features of the X-ray diffraction
spectrum of s-PS in the mesomorphic form can be
summarized as follows:

© 1993 American Chemical Society
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Figure 1. (A) Experimental X-ray diffraction intensity of s-PS
in the mesomorphic form for the indicated layer lines (corre-
sponding to a periodicity of ¢ = 5.1 A), subtracted for the
background and the amorphous contribution, hence corrected
by the Lorentzand polarization factors. (B) Results of the Fourier
transform calculations for the indicated layer lines, for the triplet
of 8-PS chains in the « form, outlined in Figure 3 by a dashed
circle. (C) Results of the Fourier transform calculations for the
indicated layer lines, for the triplet of s-PS chains in the 8 form
outlined in Figure 4 by a dashed loop.
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Figure 2. (A) Experimental X-ray diffraction intensity of s-PS
in the mesomorphic form on the meridian (¢ = 0), subtracted for
the background and the amorphous contribution, hence corrected
by the Lorentz and polarization factors. (B) Plot along the
meréﬁm of the calculated Fourier transforms presented in Figure
1B,C.

(1) On the equator is a broad peak centered at ¢ = 0.14
A-1 spanning between 0.10 A-! < £ < 0.18 A-L,

(2) On the first layer line is a strong diffraction peak
with half-width equal to A¢ = 0.03 A-1 centered at £ = 0.12
A-1. The ratio between the heights of the two peaks on
the first layer line and on the equator is nearly equal to
6.5.

(3) On the third layer line is a diffuse halo centered at
£ = 0.11 A-L. The ratio between the heights of the two
peaks on the third layer line and on the equator is nearly
equal to 0.67.

(4) On the second and fourth layer lines are two peaks
with maxima located at § = 0 (meridional reflections).
They are broad along ¢ (see Figure 1A) and sharp along
¢ (see Figure 2B). The ratio between their heights is about
7.5.

It is worth noting that for polycrystalline uniaxially
oriented samples it is not sound to compare quantitatively
the so-measured intensities of meridional and nonmerid-
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ional reflections. This is due to the difficulty to account
for the real portion of matter contributing to the diffraction
with varying ¢, for £ values close to zero. In previous papers
this problem was bypassed by considering the intensities
integrated over the reciprocal cylindrical coordinate ®,
obtained by multiplying the diffracted intensity by ¢ in
the approximation of “perfect” c-axis orientation.’® This
procedure, in fact, substantially set at zero the intensities
for £ values close to zero. In this paper we bypass this
problem by making quantitative comparisons only between
the meridional peaks (on the second and fourth layer lines)
or between the nonmeridional peaks (on the equator and
the on the first and third layer lines).

Fourier Transform Calculations: Method

In this paper we deal with large bundles of s-PS chains
in which “paracrytalline disorder” of the kind discussed
by Tadokoro in ref 31 (Chapter 4) is present.

The X-ray diffraction intensity by fibers is conveniently
calculated as a function of the reciprocal space cylindrical
coordinates £, ®, and { as

1(£,9,0) = F(§,2,0F*(£,2,9) 0y

where F(¢,8,0) is the structure factor and the asterisk
denotes the complex conjugate. For the calculation of the
diffraction intensity by bundles of chains cylindrically
averaged over the reciprocal coordinate ®, we extend the
treatment reported by Tadokoro in ref 31 (Appendix D)
for the calculation of the molecular structure factor of
nonhelical molecules. Letr, (1), Vs ({s), and 2, (21,) be the
cylindrical coordinates of the ath (bth) atom and n the
total number of atoms in the structural model; I(£,8,) is
evaluated as

I,2,0) = ;Zfafb exp{-2mil§r, cos(¥, ~ &) -
=1g=]
grycos(¥y, ~ @) + {(z,~ 21} (2)

In eq 2, f, and f, are the atomic scattering factors for
ath bth atoms, respectively. The cylindrically averaged
diffraction intensity is evaluated by integration of eq 2
over & This is conveniently done as explained in the
Appendix, introducing auxiliary variables r,;, representing
the distance in the x,y plane between the ath and bth
atoms. The result of this integration over ® from 0 to 2=
(dividing the integral by 27) is

n n

I = ;Zfabeo(%rErab) exp[-2mit(z, - z,)] (3)
=] g=1

with Jo(27érss) the zeroth order Bessel’s function with

argument 2wfrg.

Equation 3 is modified with the introduction of a
paracrystalline disorder as explained in the following. For
the sake of simplicity, the z cylindrical axis is assumed
parallel to the polymer chain axis. We introduce m, the
number of atoms within a repeating unit (in our case
coinciding with two monomeric units), M, the number of
repeating units in a chain, and N, the number of chains
{or of triplets of chains) in the considered structural models.
The labeling of the atoms is arranged in such a way that
a first group of m (83m) atoms belongs to a first chain
(triplet), a second group of m (3m) atoms to a second chain
(triplet), and soon. Since thes-PS chainsin thestructural
models taken into consideration are regular, with peri-
odicity ¢ = 5.1 A, the sums in eq 3 are extended only over
the atoms of the repeating unit. We introduce uay, uay,
ugg, and up; the displacements from ry, 24, 73, and 2p, the
cylindrical coordinates of the center of gravity of Ath and
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Bth chain (triplet), respectively. Equation 3 is rewritten
as

N N km km
I = ; 2 (2rtr oBb) €Xpl-2mil(z,, -

2p,)] sin? (xMc)/sin® (rcf) exp[-2mik(u ag~ uppl X
exp[—27ri§‘(uA; - UB;)] 4)

Ineq 4 fis the atomic scattering factor of carbon; the term
sin? (#Mc{)/sin? (wc{) is the square of the Laue factor for
a periodic structure along z with period equal to ¢; r4.8s
is the distance in the xy plane between the ath atom
belonging to the Ath chain (triplet) and the bth atom
belonging to the Bth chain (triplet); k = 1 in the case of
the sums over a and b extended over the atoms belonging
to the single chains, and k& = 3 in the case of these sums
extended over the atoms belonging to triplets of chains.

The introduction of a paracrystalline disorder in our
treatment is made as follows. Let us assume that there
is no statistical correlation between the individual dis-
placement values (uaz Ups Uay, Upy) from the r and 2z
cylindrical coordinates of the centers of gravity of the
chains (triplets), due to lattice distortions. The average
values of the factors exp[-2mif(ua; — upy)] and exp[-2xi{-
(uge—upp)] over all possible deviations from the cylindrical
coordinates of the centers of gravity of the chains (triplets)
r and z, following the same treatment used for the
calculation of the thermal factor [as reported for instance
in ref 32 (Chapter I, pp 22-23)], are exp[-272£2((ua; -
ug)?)] and exp[-272{%((ua; - up)?)1, where the broken
brackets indicate the mean value of the squared differ-
ences. In the assumption made above that there is no
correlation between the displacement values of different
chains (triplets), the quantities ((ua; - upy)?) and ((wa;~
upy)?) are taken proportional to the distance in the xy
plane between the centers of gravity of the chains (triplets),
equal to u?r /T2 and u?r A/ 1o With 15 the projection in
the xy plane of the distance vector between the centers
of gravity of two first neighboring chains (triplets), r4z
the distance in the xy plane between the centers of gravity
of the Ath and Bth chain (triplet), and u? and u? the mean
square displacements from the coordinates (r and z,
respectively) of the centers of gravity of the chains
(triplets).

The resulting expression of I(£,) multiplied by the
Debye factor

D= exp(~£2BE/2) exp(—?zB;/?) (5)

with B; and B; the thermal factors along ¢ and ¢,
respectively, gives eq 6, which is the formula used in our
calculation for the diffraction intensity of the bundles:

N N km km
1(510 = ;ZZZFJO(ZTE"AGB!’) eXp[—'27l"i§-(ZAa -
=14=15=1 a=1
2p)1D sin®(xMc)/sin? (wcl) exp(-27ugr 4p/ry5) X
exp(—27r2§‘2u?rAB/ru) (6)
In summary in eq 6 are present factors exp-
(-—21r2£2u§rAB/ rig) and exp(—21r2§‘2u?rAB/ ri2), which reduce
the interference between each couple of chains (trip-
lets)—the more, the higher is their distance in the xy plane.
For this reason, in the following, factors u?/ ri, = Uy and
uf,/r12 = U, are referred to as the paracrystalline factors.
In particular, setting U; and Uy up to 1 gives as result the
diffraction intensity of the single chain when & = 1 and
of a triplet of chains when & = 3.
Fourier transform calculations were performed on
polymer chains including 10 repeating units, for a total
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Figure 3. Schematic view in the xy plane of a bundle of 36
chains, packed according to the ordered o”” form.1? The Fourier
transform calculations of Figures 5 and 6 refer to the related
disordered o’ form (see text). A dashed circle encloses the triplet
of chains considered in the calculations of Figure 1B. Relative
heights of the centers of the phenyl rings are in units ¢/6.

chain length of nearly 50 A. This value was set on the
basis of the experimental half-width of the meridional
peaks (A{ =~ 0.017 A-1), The chain conformation was set
in the minimum conformational energy according to the
calculations of ref 33, the chain symmetry being tc.
Bundles of chains packed as in the «’12 and 3”14 forms are
considered. For the o form, statistical disorder exists
between two isosteric orientations of the triplets, which
leave the positions of phenyl rings nearly unaltered, while
the atoms of the polymer backbones are statistically
distributed in three positions around the local threefold
axes (as discussed inref 12). Fourier transform calculations
are here performed by placing in the corresponding lattice
position, with occupation factor !/3, both of the isosteric
triplets.

For the sake of simplicity, in all of the calculations
isotropic thermal factors were assumed (B; and B; in eq
5 were placed equal to 8 A2). The paracrystalline factors
were varied to optimize the agreement with the experi-
mental diffraction data. The calculated X-ray diffraction
intensity was evaluated at intervals of At = 0.005 A-* along
the layer lines and at intervals of A{ = 0.001 A-! along the
meridian. To make easier comparisons between the
calculated Fourier transform, all of the considered bundles
contain an equal number of chains (36 chains).

Fourier Transform Calculations: Results and
Discussion

As shown in the previous paper,?® the experimental
diffraction pattern of s-PS in the mesomorphic form
(Figure 1A and 2A) can be qualitatively accounted for, at
least on the layer lines different from the equator, by the
Fourier transform of a triplet of chains placed as in the
a crystalline form (Figures 1B and 2B). One of these
triplets is pointed out by a dashed circle in the schematic
drawing of Figure 3. However, the calculated pattern for
this triplet of chains presents a too broad peak on the first
layer line and does not account, of course, for the
experimentally observed equatorial peak at ¢ = 0.14 A-L,
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Figure 4. Schemative view in the xy plane of the bundle of 36
chains, packed according to the structure of the 8 form,¢ used
in our Fourier transform calculations of Figure 7. A dashed loop
encloses the triplet of chains considered in the calculations of
Figure 1C. Relative heights of the centers of the phenyl rings
are in units ¢/86.
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Figure 5. Calculated X-ray diffraction intensity I(£,{) vs £ for
the a-form model with placing: (A) U; = Uy = 0; (B) U, = 0.20
A, U;=0.083 A, k = 3 in eq 6 (paracrystalline disorder between
the triplets of the kind shown in Figure 3); (C) U; = 0.20 &, U,
= (.066 A, & = 1 in eq 6 (paracrystalline disorder between the
chains). Pattern B represents the best agreement reached in the
present paper with the experimental pattern of Figure 1A.

Hence, for better agreement with the experimental pattern,
Fourier transform of larger bundles of s-PS chains has to
be considered. It is worth noting that the Fourier
transform of a triplet of chains packed as first neighboring
s-PS chains in the 8 form (for instance, the triplet pointed
out by adashed loop in Figure 4), presents, off the equator,
patterns (Figure 1C) similar to the one presented by the
a triplet and a meridional pattern essentially identical to
that of Figure 2B. Consequently, in our examination of
the Fourier transform of large bundles, we start with
models in which the chains are packed according to both
of the known crystalline forms of s-PS where the polymer
chains are in the all-trans conformation (the hexagonal
a and the orthorombic 8 forms).

Figure 5 represents the calculated X-ray diffraction
intensity I(&,$) vs & for the a-form bundle (Figure 3) along
the equator and the layer lines with [ = 1, 2, 3, and 4,
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Figure 6. Calculated X-ray diffraction intensity I(0,$) along
the meridian for the « model: (A) U; =0.033 A, k = 3ineq 6,
corresponding to the pattern of Figure 5B; (B) U, = 0.066 A, &
= 1 in eq 6, corresponding to the pattern of Figure 5C.

corresponding to the absence of disorder, U; = U; = 0
(Figure 5A), a model with paracrystalline disorder between
the triplets of the kind shown in Figure 3 (full order inside
the triplets) (Figure 5B), and a model with paracrystalline
disorder between the chains (Figure 5C). The results
reported for the disordered models correspond to the best
found agreement with the experimental data of Figure
1A. In particular, U; = 0.20 A and U; = 0.033 A for the
calculations of Figure 5B, and U, = 0.20 A and U; = 0.066
A for the calculations of Figure 5C. The plots of the
calculated intensity along the meridian I(0,{) vs ¢, cor-
responding to the pattern of Figure 5B,C are shown in
parts A and B, of Figure 6, respectively. The peaks on
the second and fourth layer line, which are not meridional
in the « form (Figure 5A), become meridional with U; >
0.026 A when & = 3 in eq 6 or with U; 2 0.052 A when &
= 1 in eq 6. The narrow peaks of Figure 5A, after
introduction of paracrystalline disorder, become broad
along £, remaining narrow along ¢, and their positions are
ingood agreement with experimental data (cf. Figure 5B,C
with Figure 1A and Figure 6A,B with Figure 2A). As far
astherelative intensities are concerned, a better agreement
is obtained for the models with paracrystalline disorder
between triplets; in particular, the best ratio between the
heights of the two peaks on the first layer line and on the
equator is about 4 when & = 3 in eq 6 and is about 2 when
k = 1in eq 6 (as cited before, the experimental value is
equal to 6.5). This suggests as more suitable for the
mesomorphic form the model with paracrystalline disorder
between triplets of chains and complete order inside the
triplets, rather than the model with paracrystalline
disorder between the chains.

Figure 7 compares the calculated X-ray diffraction
intensity I(£,{) vs £ for the 8” bundle (sketched in Figure
4) along the equator and the layer lines with [ = 1, 2, 3,
and 4, for U; = U, = 0 (Figure 7A), and for U; = 0.20 A
and U, = 0.033 A with paracrystalline disorder between
the triplets of the kind shown in Figure 4 (Figure 7B).
Independently of the setting the value of Uy, Uy, and & (as
well as of B; and By), some aspects of the calculated patterns
remain different from those of the experimental pattern
of the mesomorphic form. For instance, not only is the
ratio between the heights of the peaks on the first layer
line and on the equator always too low (lower than 1.5)
with respect to the experimental value but also the
maximum of intensity on the equator is located at £ = 0.12
A, wh/ixl‘elfor the experimental pattern it is located at &
= 0.14 A-1,
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Figure 7. Calculated X-ray diffraction intensity I(£,$) vs £ for
the bundle of Figure 4 (8-form model) with placing: (A) U; = U;
=0;(B)U;=020A, U;=00334, k=3ineq6.

Figure 8. Schematic view in the xy plane of the bundle of 36
chains, packed according to the structure of the « form proposed
by Greis et al. in ref 16, used in our Fourier transform calculations
of Figure 9. Relative heights of the centers of the phenyl rings
are in units ¢/6.

According to other calculations, not reported here,
different models presenting disordered arrangements of
chains or of triplets of chains (for instance, models showing
mixed features of the o and 8 forms) are not suitable, due
to the broadness and low intensity (with respect to the
equator) of the peak on the first layer line.

Also, models presenting different ordered organizations
of the triplets of chains, typical of the a form, can be
unsuitable. Let us consider, for instance, the model of
packing of the triplets of Figure 8, which is also energet-
ically feasible.3¢ This structure model was proposed for
the « form of s-PS!¢ and then discarded on the basis of
structure factor calculations.’? Figure 9 shows the cal-
culated I(£,{) vs £ on the equator and the layer lines with
[=1,2,3, and 4 with U and Uy placed equal to 0 (Figure
9A) and U; =0.20 A and U; = 0.033 A, with paracrystalline
disorder between the triplets of the kind shown in Figure
8 (Figure 9B). As for the 8-form model, the disagreement
for the ratio between the intensities on the first layer line
and the equator (lower than 2) indicates that this model
isless suitable than the model of Figure 5B for representing
the mesomorphic form.
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Figure 9. Calculated X-ray diffraction intensity I(£,{) vs & for
the bundle of Figure 8 with placing: (A) Uy = U;=0; (B) U, =
0.20 A, U; = 0.033 A,k = 3ineq 6.

In summary, the comparison between the Fourier
transform calculations and the X-ray diffraction patterns
indicates that the mesomorphic form obtained by cold
drawing of amorphous s-PS samples is substantially
formed by small and imperfect a-form crystals. This
comparison suggests also that the disorder is mainly
between the triplets of chains, which characterize this
hexagonal form.

FTIR Spectra and Packing of the Chains in the
Mesomorphic Form

Some Fourier transform infrared data for oriented
mesomorphic samples, obtained by using a polarized
incident beam and orienting the samples with their
stretching axes perpendicular or parallel to the polarization
direction, have been reported in ref 28. On the basis of
the absorbance of the band at 1222 cm™! (related to the
skeletal vibration of chain sequences in {rans-planar
conformations!19), it has been found that the drawing of
amorphous samples induces the formation of sequences
in trans-planar conformation, whose concentration and
orientation increase with increasing drawing degree.

Although in the frequency region of the conventionally
measured infrared and Raman spectra (400-4000 cm-!)
only intramolecular modes appear, some particular bands
can be sensitive to intermolecular interactions typical of
the different modes of packing of chains with identical
conformations. In particular, between the spectra of
samples in the o and 3 crystalline forms of s-PS, well-
defined differences exist, although both contain chains in
the trans-planar conformation.?! These spectral differ-
ences have been shown to be essentially independent of
the particular modification obtained (o’ or o, 8’ or 8”)
and of the preparative route.!

To obtain further information relative to the packing
of the chains in the mesomorphic form, the FTIR spectra
of unoriented (amorphous, mesomorphic, « form, and 38
form) samples have been compared in Figure 10 for two
particular spectral regions. Thespectral region1110~1400
cm! (Figure 10A) clearly shows that the mesomorphic
sample is definitely different from the amorphous one,
mainly for the presence of the band at 1224 cm-l
Moreover, it is apparent that the three main bands in the
range 1300-1400 cm™! present, for the mesomorphic form,
positions (1335, 1348, 1375 cm-1) and relative absorbances
(1.1:1.0:1.0) very close to the positions (1334, 1348, 1375
cm-1) and relative absorbances (1.2:0.8:1.0) of the a form
and slightly different from the positions (1337, 1349, 1373
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Figure 10. Fourier transform infrared spectra in the spectral
regions (A) 1400-1100 and (B) 980-800 ¢m! for the samples (a)
amorphous, (b) mesomorphous, (¢) « form, and (d) 3 form.

c¢m-!) and relative absorbances (1.7:1.1:1.0) of the 8 form.
It is also worth noting (Figure 10B) that the band which
is at respectively, 902.5,905.5,and 911 cm-! for the a-form,
amorphous, and 3-form samples, for the mesomorphic
sample is located at 903.5 cm™!, a position intermediate
between those observed for the amorphous and a-form
samples.

Conclusions

A comparison between the diffraction intensity of an
oriented sample of s-PS in the mesomorphic form and the
Fourier transforms calculated for different bundles of
chains indicates that the mesomorphic form consists of
small and imperfect crystals of the « crystalline form. In
particular, the best agreement with the diffraction intensity
data is obtained for models in which the paracrystalline
disorder is assumed only between the triplets of chains,
while a complete order is assumed inside the triplets.

The hypothesis of the mesomorphic form consisting of
small and imperfect crystals of the a crystalline form is
also confirmed by a detailed analysis of the FTIR spectra
of a mesomorphic unoriented sample.
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Appendix

Equation 3 contains the sums of exponential terms,
which after some algebraic transformation, become
exp{—2xitlr, cos(y, - ®) - r, cos(y, — P)1} =

exp{-2witl(r, cos ¥, —r, cos y,) cos & +
(r,sin ¥, - r, sin §,) sin ®1} (A-1)
With the introduction of auxiliary variables r,» repre-

senting the distance in the xy plane between the ath and
bth atoms and ¥, representing the angle between the
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vector rq; and the x axis, the exponential term on the right
side of eq A-1 can be rewritten as

exp{~2wit[(r, cos ¥, —r, cos ¥;) cos & + (r, sin Y, -
r, 8in ;) sin ®1} = exp[2wifr,, cos(Y,, ~ ®)] (A-2)

Hence, the integral of eq 3 over ® becomes the sum of
integrals of the kind

f *“expl2nitr,, cosy,, - $)1de (A-3)

multiplied by terms which do not depend on . Integrals
of this kind have as solution 27 multiplied by the zero-
order Bessel function with argument 2rér,y, Jo(2wErgs).
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